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a b s t r a c t

Fixed bed reactors are usually designed using simulation approaches by trying different dimensions as
well as operating conditions followed by verification if the desired conversion is achieved. This trial
and verification procedure does not guarantee optimality, just a feasible and reasonably good design (de-
pending on the expertise of the designer). Cost minimization or profit maximization using optimization
procedures is more rigorous, but it has been rarely employed. The methods usually employed in the lit-
erature for solving this design problem present limitations. In this article, we solve the design problem of
fixed bed catalytic reactors globally. We use Partial Set Trimming followed by Smart Enumeration, a
recently developed rigorous global optimization procedure. The reactor investigated is composed of a
tube bundle, filled with a catalyst, inside a shell containing boiling water. We compare the performance
of the proposed approach with the use of metaheuristics-based tools, which do not guarantee optimality.

� 2023 Elsevier Ltd. All rights reserved.
1. Introduction

Fixed bed catalytic reactors abound in chemical process indus-
tries. They are essential in the production of several chemical com-
modities, such as methanol, ammonia, ethylene oxide, styrene,
cyclohexane, etc. (Hagen, 2015).

Given their importance, their simulation has been the object of
many studies. The simulation of fixed bed reactors involves the
solution of mass, energy, and momentum balances, associated with
a given kinetic rate expression of each reaction, as reviewed by
Froment and Bischoff (1990), covering one-dimensional and two-
dimensional models, pseudo-homogeneous and heterogeneous
models, as well as plug flow and nonideal flow models.
While the aforementioned simulation works were useful for the
assessment of the reactors performance, the problem of obtaining
the best design, that is, the best geometry and operational vari-
ables for a given cost or profit objective, abiding by design con-
straints (minimum conversion, pressure drop limitations,
limitations on side products, maximum temperature, slenderness,
etc.) have emerged as an important need.

Different objective functions, such as minimization of annual-
ized capital and operational costs (Zhou and Manousiouthakis,
2008) and maximization of the product revenue (Vakili and
Eslamloueyan, 2013) have been used. Despite the several alterna-
tives for reactor modeling mentioned above, previous works about
reactor design optimization were based on unidimensional
pseudo-homogeneous models. These mathematical models are
based on differential equations of mass, energy, and eventually,
momentum balances when pressure drop is of importance. These
equations may be discretized in a set of algebraic equations, to
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Nomenclature

ba Catalyst activity
Ac Tube reactor cross-section area (m2)bav Specific surface area of catalyst bed (m2/m3)
bk Effectiveness factor model parameter
Ci Concentration of component i (kmol/m3)
Cs
i Concentration of component i in the solid phase (kmol/

m3)
CAPEX Capital cost ($)cCL Geometrical constant
Cpm Mixture heat capacity (J/(kg�K))
dte Outer diameter (m)
dti Inner diameter (m)cDp Catalyst particle diameter (m)
Dsi Inner diameter of the shell (m)bE Joint efficiency
Fi Molar flow rate of component i (kmol/s)bFmin
product Minimum production of the key prodcut (kmol/s)

f NPVt Present value factor
G Mass flux (kg/(s�m2))
ht Convective heat transfer coefficient of the gas phase (W

(m2�K))
hs Convective heat transfer coefficient of the boiling water

(W(m2�K))
hf Fluid-solid heat transfer coefficient (W(m2�K))bi Interest ratebktube Tube wall thermal conductivity (W(m�K))
k Constant for the reverse ammonia reaction
ki;j Binary coefficient of Equation of State
kgi Mass transfer coefficient for component i (m/s)
Ka Equilibrium constant
L Tube length (m)
NPC Net Present Cost ($)
Ltp Tube pich (m)
Ntt Total number of tubesbNcat Number of catalyst loadings
OPEX Present value of cost of the catalyst ($)
P Pressure (Pa)
Pd Maximum vessel pressure difference (Psi)bpcat Catalyst price ($/kg)

bpmat Reactor material price ($/kg)
rj Reaction rate of reaction j (kmol/(s�kg catalyst))
rUBproduct Maximum reaction rate (kmol/(s�kg catalyst))bS Allowable tensile strength (psi)bnt Time of the catalyst change (y)
T Gas temperature (K)
Ts Solid temperature (K)bTmax Maximum temperature (K)
Tc Boiling water temperature (K)
Tin Inlet temperature (K)
thkhead Head thickness (m)
thkshell Shell thickness (m)
thktubesheet Tubesheet thickness (m)
U Overall heat transfer coefficient (W/(m2�K))
Vcat Reactor catalyst volume (m3)
Wcat Catalyst mass (kg)
WLB

req Lower bound of the required catalyst mass (kg)
Wreactor Reactor mass (kg)
Wtubes Tube mass (kg)
Wshell Shell mass (kg)
Wtubesheet Tubesheet mass (kg)
Wheads Head mass (kg)
Xi Conversion of component i
z Spatial coordinate (m)

Greek Symbolsbtij Stoichiometric coefficient of component i in reaction jbgj Catalyst effectiveness of reaction jbqB Bed density (kg/m3)bqmat Density of the reactor material (kg/m3)
q Fluid density (kg/m3)
DHrð Þj Enthalpy of reaction j (J/(kmol))
DP Total pressure drop (bar)
DPLB Lower bound on the pressure drop (bar)dDPdisp Available pressure drop (bar)
DP
Dz

� �LB Lower bound of the pressure gradient (Pa/m)b/ Bed void fraction
l Fluid viscosity (Pa�s)
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which some inequalities related to slenderness, maximum temper-
atures, maximum pressure drop, etc., are added. Aside from trial
and verification using simulation, two classes of optimization
approaches were employed: mathematical programming and
metaheuristic algorithms. We discuss these methods in detail later.

We concentrate on reviewing methods used for the optimal
design of ammonia and methanol reactors, which are germane to
our results section. Several authors investigated the design opti-
mization of ammonia synthesis reactors considering the maxi-
mization of the profit, using the formulation presented by
Murase et al. (1970). Edgar et al. (1989) solved this problem using
the Generalized Reduced Gradient method, employing the solver
GRG2. The evaluation of the constraints was conducted using the
solver LSODE for the numerical solution of the set of differential
equations. Yancy-Caballero et al. (2015) addressed this problem
using a mathematical programming approach by discretizing the
differential equations involved. The resultant nonlinear program-
ming (NLP) problem was solved using the IPOPT solver (Wächter
and Biegler, 2006). Carvalho et al. (2014) and Matos et al. (2021)
solved this design problem based on unconstrained formulations,
using the barrier method (by inserting the constraints into the
objective function with a penalty). Some authors used meta-
2

heuristic/stochastic methods: Genetic Algorithms (GA) (Upreti
and Deb, 1997; Babu and Angira, 2005) and Differential Evolution
(DE) (Angira, 2011).

In turn, the optimization of methanol synthesis reactors was
investigated using different objective functions. The minimization
of the catalyst volume in the design of spherical methanol reactors
was investigated by Hartig and Keil (1993). They employed Itera-
tive Dynamic Programming (IDP), Sequential Quadratic Program-
ming (SQP), and the Complex method, associated with the
solution of the differential equations using the Runge-Kutta
method. Grue and Bendtsen (2003) addressed the entire synthesis
loop and employed a reactor mathematical model discretized
using orthogonal collocation points on finite elements. The resul-
tant problem with constraints represented by algebraic equations
was solved using an undisclosed NLP solver through the GAMS
interface. Genetic Algorithms were used by Torcida et al. (2022)
to maximize profit, considering the annualized costs of equipment.

All the aforementioned techniques present limitations. Meta-
heuristic algorithms depend on parameter tuning and do not guar-
antee global optimality. They often give good solutions when
compared to the global optimum obtained by other means, a con-
dition that the user cannot know unless he/she tries both methods.
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Mathematical programming many times presents convergence
problems and computational time limitations. In addition, local
solvers sometimes end up trapped in local minima.

This article departs from the above-described approaches and
addresses the problem using Partial Set Trimming followed by
Smart Enumeration, a recently developed technique formalized
by Costa and Bagajewicz (2019), originally presented by Gut and
Pinto (2004) applied to a very particular case. This solution proce-
dure can identify the global optimum solution without using any
gradient-based search and/or branch and bound procedure typical
of mathematical programming. Contrasting with the set of vari-
ables typically used in mathematical programming for the solution
of design problems, mixing discrete and continuous variables; in
our technique, the search space is described by a combinatorial
representation of discrete variables, where each solution candidate
is represented by a set of values of the discrete variables. Set Trim-
ming explores inequality constraints to reduce the number of solu-
tion candidates. Additionally, we introduce Proxy Set Trimming,
which is based on upper and lower bounds associated with more
complex constraints for generating simpler mathematical relations
for candidate set elimination. Smart Enumeration consists of orga-
nizing the candidates in increasing order of a lower bound of their
objective function and evaluating them one by one until one
obtains a feasible candidate, which becomes an incumbent. After
that, the evaluation continues (updating the incumbent when a
candidate is feasible and has a lower value of the objective func-
tion) and stops when the lower bound is larger than the incumbent
objective function (Costa and Bagajewicz, 2019). More details are
given in a specific section later in the article.

2. Reactor mathematical model

There are different alternatives of fixed-bed reactors, such as
adiabatic reactors, quasi-isothermal reactors, quench reactors,
etc. (Moulijn et al., 2013). Without loss of generality, we apply
our proposed optimization approach to a reactor composed of a
tube bundle filled with the catalyst inside a shell. The reaction is
exothermic and the shell contains boiling water. Fig. 1 depicts a
representation of the reactor structure.

There are two broad categories in fixed-bed reactor modeling:
pseudo-homogenous and heterogeneous models (Froment and
Bischoff, 1990). The difference between them is the strategy to deal
Fig. 1. Fixed-bed reactor.
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with the solid phase, where the first does not account for it explic-
itly, and the second one considers mass and energy balance equa-
tions for the fluid and solid phases. According to the literature
review performed above, the papers that addressed the design
optimization problem of fixed-bed reactors were based on
pseudo-homogeneous models.

It is important to observe that our design-optimization
approach for the design of fixed-bed reactors is flexible and can
be applied to any kind of model. In the current paper, we use both
models to illustrate this aspect of our methodology, without the
intention of discussing the validity and accuracy of each model.
2.1. Pseudohomogenous model

We use a steady-state one-dimensional pseudo-homogeneous
plug flow model (Santangelo et al., 2008). The molar balance in a
single reactor tube is given by (the model parameters are repre-
sented with a symbol ^ on top):

dFi

dz
�
X
j

t̂ijrj
� �

â ĝj q̂B Ac ¼ 0 ð1Þ

where Fi is the molar flow rate of component i in a single tube, z is
the spatial coordinate, btij is the stoichiometric coefficient of compo-
nent i in reaction j, rj is the rate of reaction j, ba is the catalyst activ-
ity, bgjis the catalyst effectiveness of reaction j (assumed constant),bqB is the bed density and Ac is the tube reactor cross-section area
associated with an inner diameter dti. The cross-sectional area is:

Ac ¼ pdti2

4
ð2Þ

In turn, the energy balance is given by:

GCpm
dT
dz

�
X
j

� dDHr

� �
j
rj

� �
â ĝj q̂B � U

pdte
Ac

T � Tcð Þ ¼ 0 ð3Þ

where G is the mass flux, Cpm is the mixture heat capacity, dDHr

� �
j
is

the enthalpy of reaction j. Temperatures T and Tc correspond to the
fluid and the boiling water (cold utility), respectively, and U is the
overall heat transfer coefficient. Ignoring fouling, the expression
of the overall heat transfer coefficient becomes:

U ¼ 1
1
ht

dte
dti

� �þ dte ln dte
dtið Þ

2k̂tube
þ 1

hs

ð4Þ

where dti and dte are the inner and outer tube diameters, bktube is the
tube wall thermal conductivity, ht and hs are the convective heat
transfer coefficients of the gas phase flowing inside the tubes and
of the boiling water in the shell.

The momentum balance is given by the Ergun equation (Ergun,
1952):

dP
dz

¼ � G

qbDp

1� b/b/3

 !
150 1� b/� �

lbDp

þ 1:75G

24 35 ð5Þ

where P is the pressure, bDp is the catalyst particle diameter, b/ is the
bed void fraction, and q and l are the fluid density and viscosity.

In addition, the reactor is full of boiling water; therefore, a two-
phase saturated stream leaves the reactor. Finally, the diameter of
the shell is calculated as a function of the number of tubes, their
diameter, the pitch ratio, and the tube layout (see Kakaç and Liu,
2002). Without loss of generality, the pitch ratio and layout are
considered fixed.
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2.2. Heterogeneous model

The heterogeneous model used in this paper also assumes a
steady-state plug flow pattern and considers the intraparticle con-
centration gradient through an effectiveness factor.

The mass and energy balances for the fluid phase and the solid
phase are given by:

dFi

dz
¼ Ac kgi âv Cs

i � Ci
� � ð6Þ

GCpm
dT
dz

¼ hf bav Ts � Tð Þ þ pdte
Ac

U Tc � Tð Þ ð7Þ

�
X
j

t̂ij rj â ĝj
� �

qB ¼ kgi âv Ci � Cs
i

� � ð8Þ

�
X
j

dDHr

� �
j
q̂Brjâ ĝj ¼ hf âv Ts � Tð Þ ð9Þ

where bav is the specific surface area of the catalyst bed, kgi is the
mass transfer coefficient for component i, hf is the heat transfer
coefficient between the solid and fluid phases, Ci is the concentra-
tion of component i and the superscript s refers to the solid phase.
The momentum balance is also given by Eq. (5).

The mass transfer coefficient is evaluated by the following
expression (Cussler, 1984):

kgi
v0 ¼ 1:17

bDpv0q
l

 !�0:42
Dimq
l

� �2=3

ð10Þ

where v0 is the superficial velocity and Dim is the diffusion coeffi-
cient of component i in the fluid mixture. The diffusion coefficients
depend on the molar fractions (yi) and the binary diffusion coeffi-
cients (Dij) (Fairbanks and Wilke, 1950):

Dim ¼ 1� yiP
j–i

yj
Dij

ð11Þ

The binary diffusion coefficients can be calculated by (Reid
et al., 1997):

Dij ¼ 0:00143T1:75

P bM1=2

ij

P bv� �1
3
i þ

P bv� �1
3
j

h i2 ð12Þ

where
P bv is the summing of atomic diffusion volumes. The param-

eter Mij is given by:

bMij ¼ 2
1bMi

þ 1bMj

" #�1

ð13Þ

where bMi and bMj are the molar mass of the components i and j.
Finally, the heat transfer coefficient between the gas and solid
phases is obtained by the following correlation (Smith, 1980):

hf

CpmG
Pr 2=3 ¼ 0:458

/̂

D̂pv0q
l

 !�0:407

ð14Þ

where Pr is the Prandl number.

3. Design optimization

The optimization problem consists of the design of a reactor
that attains a given minimum production according to a previously
established mass and energy balance of the reaction unit, fre-
quently associated with a recycle and a purge.
4

The optimization variables for the reactor design are (the reac-
tor is considered to operate assuming a given inlet temperature
and pressure of the feed stream):

� Total number of tubes (Ntt),
� Tubes inner and outer diameter (dti and dte),
� Tube length (L),
� Boiling water temperature (Tc).

Because of its physical nature or commercial availability, the
geometric variables are discrete. The boiling water temperature
is a continuous variable, but because Set Trimming requires dis-
crete variables, we also use a set of discrete temperature values.

The objective function we use is the Net Present Cost (NPC),
composed of the capital cost associated with the reactor construc-
tion (CAPEX) and the present value of the cost of the catalyst load-
ings during the project life (OPEX):

NPC ¼ CAPEX þ OPEX ð15Þ
The OPEX is given by:

OPEX ¼
XbNcat

t¼1

bf NPVt
bpcat bqBVcat ð16Þ

where bpcat is the catalyst price per unit mass, Vcat is the reactor cat-

alyst volume, bf NPVt is the present value factor associated with the

catalyst loading t (t ¼ 1;2; � � � ; bNcatÞ and bNcat is the number of cata-
lyst loadings during the horizon time of the project, which, without
loss of generality, is considered fixed. In turn, the present value fac-
tor is given by:

bf NPVt ¼ 1

1þbi� �bnt

ð17Þ

where bnt is the number of years for the insertion of the catalyst

loading t and bi is the corresponding interest rate. The frequency
of catalyst loadings is given. Finally, the reactor catalyst volume is
given by:

Vcat ¼ Ntt p dti2

4
ð18Þ

On the other hand, the capital cost is estimated based on the
material cost to build the reactor:

CAPEX ¼ bpmatWreactor ð19Þ
where bpmat is the unit price of the reactor material andWreactor is the
reactor mass. The reactor mass is composed of the mass of the tubes
(Wtubes), shell (Wshell), tubesheet (Wtubesheet), and shell heads
(Wheads):

Wreactor ¼ Wtubes þWshell þWtubesheet þWheads ð20Þ

Wtubes ¼ bqmatNtt
p
4

dte2 � dti2
� �

L ð21Þ

Wshell ¼ bqmat
p
4

Dsiþ 2thkshellð Þ2 � Dsi2
� �

L ð22Þ

Wtubesheet ¼ bqmatp
Dsi2

4
thktubesheet ð23Þ

Whead ¼ bqmat
p
6

Dsiþ 2thkheadÞ3 � Dsi3
� ��

ð24Þ

where bqmat is the density of the reactor material, Dsi is the inner
diameter of the shell, thkshell is the shell thickness, thktubesheet is the
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tubesheet thickness, thkhead is the cover thickness. The expression of
the mass of the shell heads is associated with a hemispherical alter-
native. The set of available inlet and outlet tube diameters corre-
sponds to the standard values, considering a minimum wall
thickness evaluated by (Fischer et al., 2020):

thktube ¼ max
cPd dti=2ð ÞbSbE � 0:6Pd

;dthkmin

 !
ð25Þ

where cPd is the maximum vessel pressure difference, bS is the allow-

able tensile strength, bE is the joint efficiency, and dthkmin is a mini-
mum thickness value. The maximum pressure difference is the
difference between the design pressure and the atmospheric pres-
sure (i.e. a shell depressurization scenario). The design pressure cor-
responds to the feed inlet pressure multiplied by a safety factor.

Based on geometrical relations employed for shell and tube heat
exchanger design, the inner shell diameter needed to accommo-
date the set of reactor tubes depends on the number of tubes,
the outer tube diameter, the tube pitch, and the tube layout
(Kakaç and Liu, 2002):

Dsi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Ntt
p

cCL
0:93

s0@ 1ALtp ð26Þ

where Ltp is the tube pitch and cCL is a geometrical constant that
depends on the tube bundle layout (it is equal to 1.0 for a square
layout and 0.87 for a triangular layout). Without loss of generality,
the value employed for the Ltp corresponds to a pitch ratio (Ltp/dte)
equal to 1.25.

The shell and head thicknesses are given by (Fischer et al.,
2020):

thkshell ¼ max
cPd Dsi=2ð ÞbSbE � 0:6Pd

;dthkmin

 !
ð27Þ

thkhead ¼ max
cPd Dsi=2ð ÞbSbE � 0:2Pd

;dthkmin

 !
ð28Þ

The maximum pressure difference for the shell and head is the
difference between design pressure and atmospheric pressure. The
design pressure of the shell is the water vapor pressure (associated
with the boiling water temperature) multiplied by a safety factor.
The design pressure of the head is the feed inlet pressure also mul-
tiplied by a safety factor. The adopted value of the safety factor is
1.1 (Towler and Sinnot, 2007). Finally, the tubesheet thickness is
estimated to be 10 % of the shell inner diameter.

The design constraints are the minimum product production,
available pressure drop, the length/diameter ratio, and maximum
temperature inside the reactor as follows:

dL=Dmin � L=D � dL=Dmax ð29Þ

Fproduct � bFmin

product ð30Þ

DP � dDPdisp ð31Þ

Ts zð Þ � bTmax8z ð32Þ

where bFmin

product is the minimum production of the key product (a min-

imum conversion could also be used), dDPdisp is the available pres-

sure drop, dL=Dmin and dL=Dmax are, respectively, the minimum and

maximum length/diameter ratio and bTmax is the maximum temper-
ature. The last constraint is important to prevent premature catalyst
5

deactivation. The production (FproductÞ and the pressure drop (DP)
are obtained by integrating the above-presented set of differential
equations.

Besides the catalyst bed, the reactor has support balls located at
the topside and downside of the bed, and the hold-down support is
located only at the bottom. Although there is no reaction in these
supporting sections, pressure drop and heat transfer take place.
However, these sections are usually considerably smaller than
the catalyst bed and are assumed to have negligible effects. The dif-
ferential equations are solved by integrating the in the range [0, L].

4. Design optimization procedure

The optimization procedure is composed of two steps: Partial
Set Trimming followed by Smart Enumeration (Costa and
Bagajewicz, 2019). This procedure is suitable for design problems
where each solution candidate is defined by a set of values of the
design variables presented above, each variable value selected
from the list of available discrete options for that variable. Because
the design variables presented above are all the independent vari-
ables of the problem, once a candidate is selected, the reactor per-
formance can be evaluated and the resulting net present cost can
be obtained.

4.1. Set Trimming

Set Trimming is a technique that uses the optimization inequal-
ity constraints for eliminating solution candidates as formalized by
Costa and Bagajewicz (2019). In Set Trimming, solution candidates
are built by considering combinations of discrete values of the
design variables. They are gradually eliminated by testing the
problem inequality constraints one by one. Therefore, the number
of available candidates is gradually reduced. If all constraints are
applied to the problem (‘‘Complete Set Trimming”), the set of
remaining candidates corresponds to the set of all feasible solu-
tions. Then, the global optimal solution can be identified by a sim-
ple sorting procedure based on the calculated objective function.

This procedure was successfully applied for different heat trans-
fer equipment, such as shell-and-tube heat exchangers without
phase change (Lemos et al., 2020), kettle vaporizers (Sales et al.,
2021), gasketed plate heat exchangers (Nahes et al., 2021) and
intensified heat exchangers (Chang et al., 2022). These results
show that Set Trimming is a computationally efficient procedure.
Set Trimming does not analyze individual candidates employing
slow loops, it utilizes computational routines available in different
tools to handle large sets of data efficiently (e.g. array operations
using NumPy in Python, vectorized operations in Matlab or Scilab,
and dynamic sets in GAMS).

However, the application of Set Trimming to the design of fixed-
bed reactors cannot involve all the constraints in their original
form. The constraints associated with equations (30–32) demand
the solution of the set of differential equations of the mathematical
model (equations (1–14)), therefore they cannot be applied to an
entire set of candidates without a large computational cost. Partic-
ularly, the only original constraints that can be used in Set Trim-
ming without having to solve the model for all candidates are
the bounds on the length/diameter ratio (equation (29)).

To attain further reductions of the set of candidates using Set
Trimming, constraints associated with the numerical solution of
the mathematical model can be substituted by a simpler proxy
relaxation. Thus, we use relaxations of constraints of equations
(30) and (31), where the production constraint is substituted by
a catalyst mass constraint, as follows:

WLB
req � W

cat
ð33Þ
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DPLB � dDPdisp ð34Þ

where Wcat is the catalyst mass, WLB
req is the lower bound of the

required catalyst mass, and DPLB is a lower bound on the pressure
drop. The Set Trimming now can be applied as follows: the set of
candidates with catalyst mass lower than WLB

req is eliminated; some-
thing similar takes place for pressure drop, where the set of candi-

dates with pressure drop lower bound larger than dDPdisp is
eliminated. A tight relaxation of the reactor temperature constraint
(equation (32)) was not identified, therefore there is not a corre-
sponding Proxy Set Trimming associated with this constraint. The
details of the construction of the bounds WLB

req and DPLB are shown
below. Because the application of Set Trimming in this problem
does not eliminate all of the infeasible candidates, it is called here
a ‘‘Partial Set Trimming”.

Fig. 2 presents the algorithm of the Set Trimming step. The
order of the constraints employed in the Set Trimming is: equation
(29) ? equation (31) ? equation (30), where equations (30) and
(31) are applied through their proxy representations in equations
(33) and (34).
4.2. Smart Enumeration

When Set Trimming is applied using all constraints in their orig-
inal form, all infeasible candidates are eliminated and a simple
sorting procedure after evaluation of the surviving feasible candi-
dates identifies the global optimum. However, if all constraints
are not used or if some proxy procedure is used, then not all surviv-
Fig. 2. Set Trimmi

6

ing candidates are feasible. Indeed, Proxy Set Trimming steps let
survive a candidate, not because it is feasible, but if it is possibly
feasible. Instead of solving the mathematical model of all remain-
ing candidates (i.e. an exhaustive enumeration), we use Smart Enu-
meration (Costa and Bagajewicz, 2019).

The Smart Enumeration procedure starts by ordering the
remaining candidates according to an increasing value of a lower
bound of the objective function. The computational cost for the
evaluation of this lower bound has to be the lowest possible, with-
out compromising the gap between its value and the rigorous solu-
tion too much. Then, the candidates are sequentially evaluated,
that is, the full rigorous model of ech candidate is solved following
the increasing lower bound order. When a candidate is feasible and
has a lower value of the objective function, the incumbent is
updated (i.e. it is an upper bound on the optimal solution). The pro-
cedure continues until the lower bound of the current candidate
becomes larger than the objective function of the incumbent,
which guarantees that the global optimum has been found.

In particular, for our reactor design problem, the objective func-
tion can be used to arrange the candidates in increasing order at a
low computational cost, so a lower bound is not used for this task.
Therefore, the evaluation of the mathematical model of the solu-
tion candidates following the increasing order of the objective
function can be stopped when the first feasible candidate is found.
5. Bounds associated with the proxy set trimming

The lower bound on the required catalyst mass (equation (33))
is obtained by solving the following differential equation:
ng procedure.



Fig. 3. Set Trimming sequence.
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dWcat

dFproduct
¼ 1

rUBproduct
ð35Þ

The maximum reaction rate (rUBproductÞ is calculated with a con-
stant temperature and pressure, using the maximum temperature,bTmax in equation (32), and the maximum pressure, represented by
the inlet value. To guarantee an upper bound, reverse reactions are
disregarded. The evaluation of the reaction rate along the numeri-
cal integration of equation (35) between the inlet product flow rate
and the desired product flow rate is executed considering the cor-
responding mass balances associated with the stoichiometry of the
reaction. Therefore, the Proxy Set Trimming is given by:

Ntt Ac LqB � WReq
cat ð36Þ

In turn, the lower bound on the pressure drop constraint (equa-
tion (34)) is given by:

DPLB ¼ DP
Dz

� �LB

L ð37Þ

where DP
Dz

� �LB is a lower bound of the pressure gradient, evaluated by
the RHS of equation (5) considering the following conditions of the
gas stream throughout the bed: minimum viscosity and maximum
density.

The density and viscosity of the gas phase are dependent on
pressure, temperature, and composition. Depending on the specific
case, the behavior of these physical properties may be known a pri-
ori and the limit condition can be easily selected (e.g. the lowest
viscosity value of low-pressure gases corresponds to the lowest
temperature). However, if a monotonic behavior cannot be directly
established, which is the situation in the present work, it is pro-
posed to solve two small optimization problems before the design
optimization to identify the lowest viscosity and the highest den-
sity. These extreme values are associated with the lower bound
on the pressure gradient, present in Equation (5). The variables
of these optimization problems are:

- Temperature: the search space is limited by the minimum tem-
perature (the boiling water temperature or the inlet tempera-

ture) and the maximum temperature of the system (bTmax).
- Pressure: the search space is limited by the minimum pressure
(inlet gas pressure less the allowable pressure drop) and the
maximum pressure of the system (inlet gas pressure).

- Extent of reaction: the extent of reaction expresses the possible
gas phase compositions of the reactant mixture and it is limited
by the minimum values associated with the production bound.

The sequence of the constraints applied in the Set Trimming is
presented in Fig. 3.
Table 1
Reactor optimization search space.

Variable Ammonia synthesis
reactor

Methanol synthesis
reactor

Total number of tubes,
Ntt

200, 204, 208, . . ..,
3000

700, 703, 706, . . ., 3000

Tube alternative (see
Table 2)

6, 7, 8, 9, 10 1, 2, 3, 4, 5

Tube length, L (m) 3.05, 4.88, 5.49, 6.71,
7.20

1.83, 2.44, 5.49, 6.71,
7.20

Boiling water
temperature, Tc (K)

600, 610, 620, 630,
640, 645

460, 470, 480, 490, 500,
510, 520
6. Examples

The performance of the proposed design optimization approach
is illustrated using two examples involving the synthesis of ammo-
nia and methanol. The quasi-isothermal reactor investigated in this
paper is widely used for methanol synthesis (Lurgi reactor)
(Moulijn et al., 2013) and its utilization was also investigated for
ammonia synthesis (Czuppon, 2001).

The search space of each design problem is presented in Tables
1 and 2. The design problem parameters are presented in Table 3.
The data of the catalyst bed of the ammonia and methanol synthe-
sis reactors were originally reported by Palys et al. (2018) and Chen
et al. (2011), respectively. The total horizon time of the economic
analysis corresponds to 15 years and the interest rate is 10 % for
both reactors, associated with a catalyst lifetime of 5 years
7

(Ammoniaknowhow, 2013) for the ammonia synthesis reactor
and 3 years for the methanol reactor (therefore, for the ammonia
synthesis reactor n1 = 0, n2 = 5, n3 = 10 years and for the methanol
synthesis reactor n1 = 0, n2 = 3, n3 = 6, n4 = 9, and n5 = 12 years).

The shell, heads, and tubesheet materials are made of carbon
steel. The allowable tensile stress, density, and price of carbon steel
are, respectively, 127.55 MPa (Engineering Toolbox, 2008),
7840 kg/m3 (Kloeckner Metals, 2021), and 0.65 US$/kg (Fischer
et al., 2020). Due to the hydrogen content in the reactant mixture,
the methanol and ammonia reactor tubes are composed of differ-
ent materials. For the methanol reactor, stainless steel is used,
where the allowable tensile stress, density, and price are, respec-
tively, 120.66 MPa (Nickel Institute, 2021), 8000 kg/m3

(Thyssenkrupp, 2022), and 2.85 US$/kg (Fischer et al., 2020).
Finally, the ammonia reactor tubes are composed of 1.25Cr-
0.5Mo steel, where the allowable tensile stress, density, and price
are, respectively, 103.42 MPa (Metals Pipping, 2016), 7750 kg/m3

(Piping and Pipeline, 2020) and 2.28 US$/kg (India Mart, 2020).
The tube bundle is built in a triangular layout.

The thermal conductivity of the reactant mixture is assumed
constant, according to the values obtained from Aspen Plus
(0.15 W�m-1K�1 and 0.18 W�m-1K�1 for the methanol and ammonia
synthesis, respectively). In turn, the heat capacity and the density
are considered to be a function of temperature, pressure, and com-
position and were calculated using the Peng-Robison equation of



Table 2
Tube alternatives.

Tube alternative Nominal diameter (in) Schedule Inner diameter
(m)

Thickness
(m)

1 100 10, 10S 0.0278638 0.0027686
2 1 ¼ 10, 10S 0.0366268 0.0027686
3 1 ½” 10, 10S 0.042722800 0.002768600
4 200 10, 10S 0.0547878 0.0027686
5 2 ½” 10, 10S 0.066929 0.003048
6 1 ¼” XX 0.0227584 0.009703
7 1 ½” XX 0.02794 0.01016
8 200 XX 0.0381762 0.011074
9 2 ½” XX 0.0449834 0.014021
10 300 XX 0.05842 0.01524

Table 3
Problem parameters.

Variable Ammonia synthesis
reactor

Methanol synthesis
reactor

Bed void fraction,b/ 0.400 0.285

Bed density, bqB (kg/m3) 1816.5 851.0

Catalyst diameter, cDp (m) 0.0020 0.0061

Specific surface area, bav
(m2/m3)

626.98 626.98

Catalyst price, bpcat ($/kg) 15.5 20.6

Table 4
Ammonia synthesis reactor: Effectiveness factor model parameters.

Pressure

Parameter 150 atm 225 atm 300 atm

b0 �17.539096 �8.2125534 �4.6757259
b1 0.07697849 0.03774149 0.02354872
b2 6.900548 6.190112 4.687353
b3 �1.082790 � 10-4 �5.354571� 10-5 �3.463308� 10-5
b4 �26.424699 �20.86963 11.28031
b5 4.927648� 10-8 2.379142� 10-8 1.540881� 10-8
b6 38.93727 27.88403 10.46627
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state for the ammonia synthesis and the Soave-Redlich-Kwong
equation of state for the methanol one. Finally, the viscosity is eval-
uated using the method by Chung et al. (1988).

The proposed approach was implemented in Python with the
reactor simulation routine employing the solver LSODA from the
SciPy module (Virtanen et al., 2020). Both examples were also
addressed using metaheuristic optimization methods, thus provid-
ing an assessment of the computational performance of Set Trim-
ming and Smart Enumeration compared with other alternatives
from the literature.

6.1. Ammonia synthesis

Ammonia is obtained through the following reaction:

N2 þ 3H2 $ 2NH3 ð38Þ
The reaction rate expression used in this article is given by

Dyson and Simon (1968):

rNH3 ¼ 2k K2
aaN2

a3H2

a2NH3

 !0:5

� a2NH3

a3H2

 !0:5
24 35 ð39Þ

where rNH3 is the rate of formation of ammonia in kmol �m�3 � s�1

(i.e. this rate is expressed in a volumetric base, it corresponds to
the product bqBrj in equations (1), (3), (8), and (9)) and k is given by:

k ¼ 2:457 � 1011e�
40765
1:987T ð40Þ

where T is in Kelvin. The equilibrium constant is given by:

log10Ka ¼ �2:691122log10T � 5:519265 � 10�5T

þ 1:848863 � 10�5T2 þ 2001:6T�1 þ 2:6899 ð41Þ
The effectiveness factor is also taken from Dyson and Simon

(1968):

g ¼ b0 þ b1T þ b2XN2 þ b3T
2 þ b4X

2
N2

þ b5T
3 þ b6X

3
N2

ð42Þ
where XN2 is the nitrogen conversion as measured from the refer-
ence mixture which has the following composition: a 3 to 1
H2 / N2 ratio and 12.7 % inert, T is in Kelvin and the constants are
8

obtained interpolating the values given in Table 4, according to
the system pressure along the bed.

The inlet gas composition is 21.825 % of N2, 65.475 % of H2, 5 %
of NH3 and 4 % of both CH4 and Argon, with 2520 kmol/hr of inlet
mole flow rate and 220 bar of pressure.

The tube-side heat transfer coefficient is taken from Leva et al.
(1948):

ht dti
k

¼ 0:813
Dp G
l

� �0:9

e�
6D̂p
dti ð43Þ

Because the boiling heat transfer resistance is considerably
smaller than the tube-side one, it is considered negligible.

The nonzero binary coefficients of the Peng Robinson equation
of state are presented in Table 5 (they were obtained from the
Aspen Plus databank).

The bounds associated with the design constraints are:

1 � L=D � 3 ð44Þ

Fproduct � 5824kg=hr ð45Þ

DP � 3bar ð46Þ

T zð Þ � 800K ð47Þ
6.2. Methanol synthesis

The analysis of the methanol synthesis reactor is based on the
kinetic model presented by Vanden Bussche and Froment (1996),
which considers two reactions:

COþH2O $ CO2 þH2 ð48Þ

CO2 þ 3H2 $ CH3OHþH2O ð49Þ
These reactions have the following rate expressions in kmol/

(kg�s):



Table 5
Ammonia synthesis reactor: Peng-
Robinson nonzero binary
coefficients.

Parameter Value

kN2;H2
0.103

kN2;NH3
0.2193

kN2;CH4
0.0311

kN2;Ar �0.0026

kH2;CH4
0.0156

kNH3 ;Ar �0.18
kCH4 ;Ar 0.023
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rshift ¼ 10�3
K1pCO2

1� K�
3

pH2OpCO
pH2 pCO2

� �h i
1þ KH2O

K8K9KH2

� �
pH2O
pH2

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KH2pH2

q
þ KH2OpH2O

� � ð50Þ

rCH3OH ¼ 10�3
K5aK2K3K4KH2pH2

pCO2
pH2

1� 1=K� pH2OpCH3OH
p3H2 pCO2

� �	 

1þ KH2O

K8K9KH2

� �
pH2O
pH2

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KH2pH2

q
þ KH2OpH2O

� �3
ð51Þ

where K is the model parameter, K� and K�
3 are the equilibrium con-

stant of each reaction and pi is the partial pressure of component i
in bar. The values of the kinetic rate parameters are displayed in
Table 6.

The equilibrium constants are obtained using the following
expressions (Graaf et al., 1986), for T in Kelvin:

log10 K�ð Þ ¼ 3066
T

� 10:592 ð52Þ

log10 K�
3

� � ¼ �2073
T

þ 2:029 ð53Þ

The binary coefficients used in the Soave-Redlich-Kwong equa-
tion of state are presented in Table 7 (Lovik, 2001).

The design optimization example is based on Chen et al. (2011),
which reported reactor and plant data from the methanol synthesis
unit of the Tuha Oilfield Company. The feed specifications are given
in Table 8, the reactor specifications are presented in Table 9 and
the outlet conditions data are depicted in Table 10. The value of
the overall heat transfer coefficient reported by Chen et al.
(2011) in Table 9 is assumed constant in the reactor design opti-
mization. The reported boiling water temperature is 220 �C.

The objective is to compare the design optimization result pro-
posed in this article with the company reactor. Because the data for
the catalyst activity and effectiveness were not provided in Chen
et al. (2011), the product of catalyst activity and effectiveness
was fitted to minimize the squared relative error between the out-
let temperature and methanol production given in Table 10. The
obtained value is 0.72.

The bounds associated with the design constraints are:

1 � L=D � 3 ð54Þ
Table 6
Methanol synthesis reactor: Kinetic model parameters.

k ¼ A exp BR�1T�1
� �

A B

ffiffiffiffiffiffiffiffi
KH2

p
bar�0:5
� �

0.499 17,191

KH2O bar�1
� �

6.62�10-11 124,119

KH2O= K8K9KH2

� �
3435.38 0

K05aK02K3K4KH2 mol � kg�1 � s � bar�1
� �

1.07 36,696

K01 mol � kg�1 � s � bar�2
� �

1.22�1010 �94765

9

Fproduct � 11283:1kg=hr ð55Þ
DP � 3bar ð56Þ
T zð Þ � 290C ð57Þ
The Proxy Set Trimming associated with the required catalyst

mass constraint (equation (33)) involves the synthesis reaction
depicted in equation (49), eliminating the reverse reaction, as dis-
cussed before. Additionally, both carbon oxides in the feed are con-
sidered as carbon dioxide, i.e. it is assumed that the conversion of
CO to CO2 in the water gas shift reaction (equation (48)) is
instantaneous.
7. Results

The global optimal solutions for the design of the ammonia and
methanol reactors attained by Set Trimming followed by Smart
Enumeration are presented in Table 11.

It is possible to observe that the optimization procedure found
the same solution for the design of the ammonia synthesis reactor
using the pseudo-homogeneous and the heterogeneous models.
The solutions obtained for the design of the methanol synthesis
reactor using different models were slightly different. The optimal
design of the methanol synthesis reactor using a heterogeneous
model has a cost that is 0.9 % higher than the equivalent result
using the pseudo-homogenous model. A more detailed comparison
between the solutions is presented later.

The net present cost of the methanol synthesis reactor reported
in the literature associated with this example (Chen et al., 2011) is
$ 906,431, whereas the proposed design optimization procedure
found reactors associated with cost reductions of 4.9 % and 4.0 %,
using the pseudo-homogeneous and heterogeneous models,
respectively.

Table 12 shows the number of surviving candidates in each
trimming and the number of candidates evaluated in the Smart
Enumeration, using the pseudo-homogeneous model. The original
search space consists of 105,000 and 134,000 candidates and the
Set Trimming procedure reduced the list of candidates to 73,722
(29.8 % of the original number) and 59,689, (55.5 % of the original
number), for the ammonia and methanol synthesis reactors,
respectively. The number of simulations needed to identify the glo-
bal optimum corresponded to 9.3 % and 9.6 % of the initial search
space for the ammonia and methanol reactors, respectively. The
corresponding data depicted in Table 12 for the heterogeneous
model were the same, except for a slight increase in the number
of simulations in the design of the methanol synthesis reactor from
12,943 to 13,252.

Although the required catalyst proxy trimming presents a rele-
vant reduction in the number of candidates in the design of the
methanol synthesis reactor, the equivalent trimming in the ammo-
nia synthesis reactor design does not eliminate any candidate,
which illustrates the relevance of creating a good constraint
approximation. For this constraint, the major problem consists of
considering an uniform temperature (the highest possible) for
the rate of reaction evaluations, thus rendering a too optimistic
scenario, which it was not effective in the ammonia reactor
problem.
7.1. Solution comparison between different models

Fig. 4 illustrates the temperature and mole fraction profiles of
the optimal solution of the ammonia synthesis reactor obtained
using the pseudo-homogeneous and heterogeneous models. It is
possible to observe that the profiles are very similar, which



Table 7
Methanol synthesis reactor: Soave-Redlich-Kwong binary coefficients.

kij CO2 CO H2 CH3OH H2O CH4 N2

CO2 0 0 �0.3462 0.0148 0.0737 0.0933 �0.0171
CO 0 0 0.0804 0 0 0.0322 0.013
H2 �0.3462 0.0804 0 0 0 �0.0222 �0.001
CH3OH 0.0148 0 0 0 �0.0789 0 �0.214
H2O 0.0737 0 0 �0.0789 0 0 �0.49
CH4 0.0933 0.0322 �0.0222 0 0 0 0.031
N2 �0.0171 0.013 �0.001 �0.214 �0.49 0.031 0

Table 8
Feed specifications of Tuha Oilfield Company
methanol reactor.

Parameter Value

Temperature (�C) 225
Pressure (bar) 69.7
Component flow rate (kg/h)
CO 10727.9
CO2 23684.2
H2 9586.5
H2O 108.8
CH3OH 770.3*
CH4 4333.1
N2 8072.0

* The company reactor feed contains ethanol
and methyl formate byproducts, but in this
article, they are disregarded and considered as
part of the methanol feed.

Table 9
Tuha Oilfield Company methanol reactor and cata-
lyst specifications.

Parameter Value

Reactor tube diameter 0.04 m
Reactor length 7 m
Number of tubes 1620
Catalyst particle shape cylinder
Catalyst particle density 1190 kg/m3

Heat transfer coefficient 118.44 W/(m2K)

Table 10
Tuha Oilfield Plant data.

Outlet condition

Temperature (�C) 255
Pressure (bar) 66.9
Mole flow rate (kmol h�1) 5592.4
Mass flow rate (kg h�1) 57282.8
Volumetric flow (m3h�1) 3780.5
Component flow rates (kg h�1)
CO 4921.0
CO2 18 316.4
H2 8013.7
H2O 2309.3
CH3OH 11 283.1
CH4 4333.1
N2 8071.9

Table 11
Global optimum solutions of the fixed-bed reactor design.

Design variables Pseudohomogeneous model

Ammonia

Number of tubes 404
Tube alternative 10
Tube length (m) 3.048
Boiling water temperature (K) 645
Objective function ($) 433,284
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explains the reason why the optimization procedure using differ-
ent models converged to the same reactor.

Fig. 5 presents the temperature and concentration profiles of
the gas and solid phases obtained using the heterogeneous model.
The small difference between the profiles of each phase indicates
that the interfacial transport resistances are not significant. As sta-
ted, above, this is the reason why the optimal solution is the same
as for the pseudo-homogeneous model.

For the methanol synthesis optimization, the heterogeneous
model converged to a reactor with a cost that is slightly higher
than the one obtained using the pseudo-homogenous model.
Fig. 6 presents the simulation results using both models of the
optimal solution obtained using the pseudo-homogenous model.
The differences in the profiles are small, but one can observe that
there is a slight difference between the methanol mole fraction
at the end of the reactor. This difference corresponds to a smaller
methanol production predicted by the heterogeneous model
(11232.45 kg/hr) compared to the homogenous model
(11290.25 kg/hr). However, because the minimum production
must be 11283.1 kg/hr (see constraint in equation (55)), the opti-
mal reactor found using the homogeneous model is not feasible
according to the heterogeneous model simulation. Consequently,
the optimization procedure using the heterogeneous model is
forced to identify another candidate with a higher cost, as depicted
in Table 11.

The reactor simulation using the heterogeneous model
demands a considerably higher computational effort, which affects
the optimization. For example, using a computer with a processor
i7-8565U 1.8 GHz and 8 GB of RAM memory, the computational
times of the optimization using the pseudo-homogenous model
are 3017 s and 1735 s for the ammonia and methanol synthesis
reactors, respectively. The corresponding computational times of
the optimization using the heterogeneous model increase to
144 min and 73 min. This result is expected: the pseudo-
homogeneous model requires the integration of a system of ordi-
nary differential equations (ODE), while the heterogenous model
requires solving a system of differential–algebraic equations (DAE).
7.2. Comparison with other optimization methods

We compared the performance of Partial Set Trimming followed
by Smart Enumeration with GA and PSO for the pseudo-
homogenous reactor model. The PSO method was tested using
Heterogeneous model

Methanol Ammonia Methanol

1129 404 1393
4 10 3
5.49 3.048 7.200
480 645 490
862,074 433,284 869,848



Table 12
Number of surviving candidates and number of simulations employed in the design
using the pseudo-homogeneous model.

Ammonia Methanol

Number of surviving
candidates

Initial 105,000 134,225dL=Dmin � L=D � dL=Dmax
74,292 73,955

DP � dDPdisp 73,722 66,066

Nttp Dti2

4 L � Wreq
cat

73,722 59,689

Number of evaluations in the Enumeration 9,804 12,943
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the routine available in the module PySwarms (Miranda, 2018)
using a rounding-off procedure to handle the discrete variables
(Sengupta et al., 2018). The GA runs employed the module genetic
Fig. 4. Temperature and mole fraction profiles of the gas phase of the optimal ammon

Fig. 5. Temperature and concentration profiles in the gas and solid phases of

11
algorithm (Solgi, 2020) according to Bozorg-Haddad et al. (2017).
In all metaheuristic methods, the constraints were handled
through the insertion into the objective function of penalty terms:

f ¼ fobjþ
X

i2violatedconstraint

dfobjMAX þ 2dfobjMAXDgi

� �
ð58Þ

where f is the objective function with the penalty term, fobj is the

objective function, dfobjmax is the maximum value of the fobj, and
Dgi is the violation of the constraint i. The set of control parameters
employed in the GA and PSO algorithms are depicted in Table 13.
The control parameters employed in the GA runs correspond to
the default values of the genetic algorithm module. The PSO control
parameters were the same as those reported in Pedersen (2010).
ia synthesis reactor using the pseudo-homogeneous and heterogeneous models.

the optimal ammonia synthesis reactor using the heterogeneous model.



Fig. 6. Temperature and mole fraction profiles of the gas phase of the optimal methanol synthesis reactor using the pseudohomogeneous and heterogeneous models.

Table 13
Set of control parameters employed in the stochastic
methods.

Method Parameter

PSO Number of particles = 203
Inertia weight = 0.5069
Self-confidence factor = 2.5524
Swarm confidence factor = 1.0056

GA Population size = 100
Crossover probability = 0.5
Mutation probability = 0.1
Elitism ratio = 0.01
Parents portion = 0.3
Crossover type = uniform
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Because of the stochastic nature of the metaheuristic methods,
the analysis of their performance was based on samples composed
of five independent optimization runs. Three different number of
iterations were tested for each metaheuristic method. Tables 14
and 15 display the results obtained by each one, compared with
the Smart Enumeration. For the metaheuristic methods, we show
the best solution, the worst solution, the average value of the
objective function of the sample, the fraction of runs where the
global optimum was found, and the average elapsed time associ-
ated with each method in the sample. The results of the Smart Enu-
Table 14
Optimization result for the ammonia synthesis fixed-bed reactor design.

Optimal reactor cost (USD)

Method GA

Number of iterations 50 100 150

Best 442,205 433,284 455,708
Average 499,228 503,376 488,126
Worst 535,793 550,233 530,236
% Global 0 % 20 % 0 %
Computing time (s) 1163 2510 4537

12
meration in these tables indicate the global optimum and the
computational time.

Tables 14 and 15 show that the PSO method present a better
performance than the GA method, but both often miss the global
optimum. Even considering the highest number of iterations for
each test, when the computational times employed by the meta-
heuristic methods became higher than the Smart Enumeration,
the metaheuristic methods may yield solutions with objective
function values considerably larger than the global optimum. For
example, there are optimal solutions for the ammonia synthesis
reactor found by the GA and PSO methods using the maximum
number of iterations that are 22.3 % and 12.0 % more expensive
than the global optimum.

It is important to observe that the Smart Enumeration proce-
dure does not have any control parameter that must be previously
established by the user. Differently, the performance of the meta-
heuristic methods depends on the tuning of the algorithm control
parameters. This aspect can be illustrated in Tables 14 and 15,
where the increase of the parameter represented by the maximum
number of iterations usually reduces the average value of the
objective function in the optimization run samples. However, it
is not possible to establish a priori which value must be used.
Therefore, it is necessary to apply a tuning procedure, which can
be a tedious task. This difficulty is visible just by tuning one param-
eter. However, the metaheuristic methods have other parameters
that are amenable to tuning. Smart Enumeration has no such
limitation.
PSO Smart

20 40 60

433,284 433,284 433,284 433,284
456,968 454,767 443,677
529,280 531,778 485,250
60 % 60 % 80 %
1487 3098 4436 3017



Table 15
Optimization result for the methanol synthesis fixed-bed reactor design.

Optimal reactor cost (USD)

Method GA PSO Smart

Number of iterations 80 160 200 30 60 80
Best 862,074 862,074 862,074 862,074 862,074 862,074 862,074
Average 874,717 868,681 867,820 865,375 863,840 864,430
Worst 906,163 879,154 879,023 876,224 867,377 867,377
% Global 20 % 20 % 20 % 40 % 20 % 40 %
Computing time (s) 1024 2029 2658 1252 2008 2609 1735
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Finally, we point out that optimization runs using smaller incre-
ments of the discretization of the boiling water temperature
showed no differences in the optimal solution of the ammonia syn-
thesis reactor and a variation of the objective function of the
methanol reactor smaller than 0.5 %.

8. Conclusions

In this article, we presented the use of Set Trimming and Proxy
Set Trimming followed by Smart enumeration in the design opti-
mization of fixed bed reactors, using two different models. The
flexibility of the proposed approach also allows its utilization for
the design of other reactor alternatives.

Because the Set Trimming step never eliminates a feasible can-
didate and the Smart Enumeration always identifies the feasible
alternative with minimum cost among the remaining solution can-
didates, the global optimum solution is guaranteed to be obtained.

A novel aspect included in the Set Trimming in the current
paper is the utilization of Proxy Trimming, which is a relaxation
of a constraint used to perform the Set Trimming. Not only a simple
relaxed expression renders a low computational cost, but, most
importantly, it allows a trimming that would not be possible with-
out the relaxation.

Unlike the tedious control parameter tuning associated with
metaheuristic algorithms, after the formulation of the problem, it
is not necessary to adjust it for different examples (its performance
can be different due to the nature of the example, but the structure
is always the same).

The performance of this optimization approach was compared
with the use of metaheuristics. Differently from the metaheuristic
methods, our proposal always obtains the global optimum. More-
over, the numerical results presented above showed several opti-
mization runs using metaheuristic methods with costs
considerably higher than the global optimum. This empirical evi-
dence demonstrates that the proposed optimization approach is
more robust than metaheuristics, because it never misses the
least-cost design.

The proposed approach has also advantages compared with
mathematical programming. Mixed-integer nonlinear program-
ming algorithms are prone to convergence problems, but our
method is robust in this sense because it does not have conver-
gence iterative loops. Additionally, the utilization of mathematical
programming may depend on complex formulations using binary
variables to represent the reaction system features. The proposed
scheme only depends on the same mathematical model employed
for reactor simulation, complemented by approximations for gen-
erating the proxy constraints. We also note that our reactor profiles
for compositions and temperature are likely to be more accurate
than solutions obtained using mathematical programming. Indeed,
our technique can use specialized numerical solvers for differential
equations (e.g. LSODA), which have smaller truncation errors than
the direct utilization of algebraic constraints obtained from the dis-
cretization procedures present in mathematical optimization, as
employed in Kazi et al. (2021).
13
Future works may involve the analysis of more complex reac-
tion systems, such as networks of reactors, reactors involving
intercooling between multiple beds, quench reactors, etc. Addi-
tionally, because this article is focused on the reactor design
methodology, new advances can be attained focusing on the exten-
sion of the problem to the design of the entire reaction unit, includ-
ing the identification of the optimal values of the recycle and purge
streams and the operating pressure of the system.
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